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Abstract
Using one- and two-body density matrices, we calculate the spatial and momentum distribu-
tions, two-particle Hanbury-Brown Twiss (HBT) correlation functions, and the chaotic parameter
λ in HBT interferometry for the systems of boson gas within the harmonic oscillator potentials
with anisotropic frequencies in transverse and longitudinal directions. The HBT chaotic param-
eter, which can be obtained by measuring the correlation functions at zero relative momentum
of the particle pair, is related to the degree of Bose-Einstein condensation and thus the system
environment. We investigate the effects of system temperature, particle number, and the average
momentum of the particle pair on the chaotic parameter. The value of λ decreases with the con-
densed fraction, f0. It is one for f0 = 0 and zero for f0 = 1. For a certain f0 between 0 and 1,
we find that λ increases with the average momentum of the particle pair and decreases with the
particle number of system. The results of λ are sensitive to the ratio, ν = ωz/ωρ, of the frequencies
in longitudinal and transverse directions. They are smaller for larger ν when ωρ is fixed. In the
heavy ion collisions at the Large Hadron Collider (LHC) energy the large identical pion multiplicity
may possibly lead to a considerable Bose-Einstein condensation. Its effect on the chaotic parameter
in two-pion interferometry is worth considering in earnest.
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I. INTRODUCTION
Hanbury-Brown-Twiss (HBT) interferometry has been used to study the space-time struc-
ture of the particle-emitting sources in high energy heavy ion collisions [1–5]. The chaotic
parameter λ in the HBT measurements is introduced phenomenologically to represent the
HBT correlation function at zero relative momentum of two emitted identical bosons. As is
well known, HBT correlation occurs for chaotic emission and disappears for coherent emis-
sion [1–5]. So, the result of λ is related to the chaotic degree of the source, although there
are other effects, such as particle misidentification, long-live resonance decay, final state
Coulomb interaction, non-Gaussian source distribution, and so on, may also lead to λ < 1
for the completely chaotic sources [3, 5].
In Ref. [6, 7], T. Cso¨rgo˝ and J. Zima´nyi investigated the effect of Bose-Einstein con-
densation on two-pion interferometry. They utilized Gaussian formulas describing the space
and momentum distributions of a static non-relativistic boson system, and investigated the
influence of the condensation on pion multiplicity distribution. In Ref. [8], C. Y. Wong
and W. N. Zhang studied the relationship between the λ parameter and the degree of Bose-
Einstein condensation in detail in a boson gas model within a spherical harmonic oscillator
potential, which can be analytically solved in non-relativistic case and be used in atomic
physics [9–11]. The authors pointed out that the transition from the condensed coherent
phase to the uncondensed chaotic phase occurs gradually over a large range of tempera-
tures T . A large fraction of pion Bose-Einstein condensation was estimated in high energy
heavy ion collisions on the basis of the spherical boson gas model. However, the particle-
emitting sources produced in high energy heavy ion collisions are usually anisotropic in the
longitudinal and transverse directions (parallel and perpendicular to the beam direction).
Investigating the relationship between λ and the boson environment for the anisotropic sys-
tems, which is an natural development for the work of Ref. [8], will pave the way further
forward to understand the HBT results in high energy heavy ion collisions.
In this work, we will study the chaotic parameter λ in HBT interferometry in a boson
gas model within anisotropic harmonic oscillator potential in transverse and longitudinal
directions. We will investigate the effects of system environment on the chaotic parameter
and estimate the influence of Bose-Einstein condensation on the values of λ in the two-pion
HBT measurements in high energy heavy ion collisions. Our results indicate that in the
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anisotropic source model, the chaotic parameter is not only as a function of the condensed
fraction and particle momentum, but also sensitive to the ratio ν = ωz/ωρ of the frequencies
in longitudinal and transverse directions. The results of λ for a larger ν are smaller than those
correspondingly for a smaller ν and with the same ωρ. The large identical pion multiplicity
in the heavy ion collisions at the Large Hadron Collider (LHC) energy may possibly lead to
a considerable Bose-Einstein condensation. Its effect on the chaotic parameter λ in two-pion
interferometry is worth considering in earnest.
The rest of this paper is organized as follows. In Sec. II, we will present the calculations
of the condensed fraction and the formulas of the one- and two-body density matrices for the
anisotropic system. We will study the spatial and momentum density distributions of the
systems in Sec. III. In Sec. IV, we will calculate the two-particle HBT correlation functions
and investigate the influence of Bose-Einstein condensation on the chaotic parameter λ in
HBT interferometry. We will investigate the influence of Bose-Einstein condensation on the
λ value in the two-pion HBT measurements in high energy heavy ion collisions. Finally, the
summary and discussion will be given in Sec. V.
II. THE BOSON GAS IN ANISOTROPIC HARMONIC OSCILLATOR POTEN-
TIAL
Following the previous works [8–11], we consider a model of the ideal boson gas held
together in a harmonic oscillator potential, V (r), that arises either externally (in atomic
physics) or from bosons own mean fields (in high-energy heavy-ion collisions). We use ~ωρ
and ~ωz to measure the strengths of the potential in transverse and longitudinal directions,
V (r) =
1
2
mω2ρ ρ
2 +
1
2
mω2z z
2 =
1
2
~ωρ
(
ρ
aρ
)2
+
1
2
~ωz
(
z
az
)2
, (1)
where, ρ =
√
x2 + y2 and z are transverse and longitudinal coordinates, m is mass of a
boson, and aρ =
√
~/mωρ and az =
√
~/mωz are two length parameters of the system in
the transverse and longitudinal directions, which are related to ωρ and ωz, respectively.
For the ideal boson gas, the system energy is simply the summation of all individual
bosons, and the energy levels of a boson in the anisotropic harmonic oscillator potential are
εn = (nx +
1
2
)~ωρ + (ny +
1
2
)~ωρ + (nz +
1
2
)~ωz
3
= (nρ + 1)~ωρ + (nz +
1
2
)~ωz, nρ = nx + ny, (2)
where, n = 0, 1, 2, · · · are the indexes of the energy levels ε0 < ε1 < ε2 < · · · , and ni =
0, 1, 2, ... (i = x, y, z). Introducing ε˜nρ = nρ~ωρ and ε˜nz = nz~ωz, we have
εn = ε˜nρ + ε˜nz + ε0, nρ, nz = 0, 1, 2, ... , (3)
where ε0 = ~ωρ+
1
2
~ωz is the lowest energy level for the ground state n = 0 (nρ = nz = 0).
For a certain nρ, the degeneracy of the energy level ε˜nρ of the transverse two-dimension
oscillator is (nρ + 1). And, the degeneracy of the energy level ε˜nz of the longitudinal one-
dimension oscillator is one for each nz value. Each energy level εn corresponds to a certain
nρ and nz. The degeneracy of εn is gn = (nρ + 1). For instance, the energy levels and their
degeneracies for the case of ωρ < ωz < 2ωρ are:
ε0 = ~ωρ + ~ωz/2, nρ = (nx + ny) = 0, nz = 0, g0 = 1,
ε1 = 2~ωρ + ~ωz/2, nρ = (nx + ny) = 1, nz = 0, g0 = 2,
ε2 = ~ωρ + 3~ωz/2, nρ = (nx + ny) = 0, nz = 1, g0 = 1,
ε3 = 3~ωρ + ~ωz/2, nρ = (nx + ny) = 2, nz = 0, g0 = 3,
· · · · · · · · ·
A. Condensed fraction
For the identical boson gas with a fixed number of particles, N , and at a given temperature
T = 1/β, we have
N = N0 +NT , (4)
where, N0 is the number of condensate particles in n = 0 state,
N0 =
Z
1− Z
, (5)
NT is the number of the particles in n > 0 states,
NT =
∞∑
n>0
gnZ e
−β(ǫ˜nρ+ǫ˜nz )
1− Z e−β(ǫ˜nρ+ǫ˜nz )
, (6)
and Z is the fugacity parameter which includes the factor for the lowest energy ε0 [10].
Because N0 ≥ 0, the values of Z are between zero and unity. When the temperature of the
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gas is lowered below the critical temperature Tc, condensation of the boson gas occurs. In
this case, N0 ∼ N and Z ∼ N/(N + 1). In Eq. (6), the denominator can be expanded as
1
1−Z e−β(ǫ˜nρ+ǫ˜nz )
=
∞∑
k=0
Zk e−kβ(ǫ˜nρ+ǫ˜nz ).
And, Eq. (6) can be written as
NT =
∞∑
nρ+nz>0
(nρ + 1)Z e
−βǫ˜nρ e−βǫ˜nz
∞∑
k=0
Zk e−kβǫ˜nρ e−kβǫ˜nz
=
∞∑
nρ+nz>0
(nρ + 1)
∞∑
k=1
Zk e−kβǫ˜nρ e−kβǫ˜nz
=
∞∑
k=1
Zk
[ ∞∑
nρ=0
(nρ + 1)e
−kβnρ~ωρ
∞∑
nz=0
e−kβnz~ωz − 1
]
=
∞∑
k=1
Zk
[ ∞∑
nx=0
e−kβnx~ωρ
∞∑
ny=0
e−kβny~ωρ
∞∑
nz=0
e−kβnz~ωz − 1
]
,
where the last term 1 corresponds nρ = nx + ny = 0 and nz = 0. So, Eq. (6) can be written
as
NT =
∞∑
k=1
Zk
[
1
(1− e−kβ~ωρ)2
·
1
1− e−kβ~ωz
− 1
]
=
∞∑
k=1
Zk
[
e−kβ~ωρ(2− e−kβ~ωρ + e−kβ~ωρe−kβ~ωz − 2e−kβ~ωz) + e−kβ~ωz
(1− e−kβ~ωρ)2(1− e−kβ~ωz)
]
. (7)
From Eqs. (4), (5), and (7), one can determine the fugacity parameter Z as a function
of T and N numerically [8]. In Fig. 1, we show the solution of Z for different temperatures
T/~ωρ and boson numbers N . Here ν is the parameter of the ratio of ωz to ωρ, ν = ωz/ωρ.
To get a better view of the Z values, we show an expanded view of Fig. 1(a) in the Z ∼ 1
region in Fig. 1(b). One can see that the fugacity parameter Z is close to unity in the
highly condensation region at low temperatures. For a given N , as the temperature increases
from zero, the fugacity Z decreases very slowly in the form of a plateau until the critical
temperature Tc is reached, and it decreases much rapidly thereafter. The transition from
the condensed phase to the uncondensed phase occurs over a large range of temperatures.
The greater the number of bosons N , the greater is the plateau region, as shown in Fig.
1(b). The width of the T/~ω plateau for N = 2000 is about 11. And, the widths of the
plateaus for N = 500 is about a half of that for N = 2000. Figures 2(a) and 2(b) show Z
as a function of T/~ωρ and N for ν = 0.5 and 2, respectively. One can see that the width
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FIG. 1: (Color online) (a) The fugacity parameter Z as a function of T/~ωρ for different boson
numbers N and ν = (ωz/ωρ) = 1. (b) An expanded view in the Z ∼ 1 region.
of the Z plateau is sensitive to the ratio ν = ωz/ωρ. For a fixed N , the greater the ratio ν,
the greater is the plateau.
In the transition region T <
∼
Tc, the fugacity parameter Z ∼ 1. By setting Z to unity in
Eq. (7), and considering ~ωρ/T ≪ 1 [8], we have
NT ∼
∞∑
k=1
[
1
(kβ~ωρ)2(kβ~ωz)
]
=
(
T
~ωρ
)2(
T
~ωρν
) ∞∑
k=1
1
k3
=
(
T
~ωρ
)3
1
ν
ζ(3).
Considering NT ∼ N at Tc, we obtain
(
Tc, approx
~ωρ
)
∼
[
N
ζ(3)
ν
]1/3
=
[
N
1.202
ν
]1/3
. (8)
For ν = 1, it becomes the result of three-dimension isotropic harmonic oscillator [8, 9]. For
N = 2000 the approximated critical temperatures for ν = 0.5, 1, and 2 are Tc, approx = 9.40,
11.85, and 14.93 ~ωρ, respectively. They are approximately consistent with the results in
Figs. 1 and 2.
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FIG. 2: (Color online) The fugacity parameter Z as a function of T/~ωρ and N for (a) ν =
(ωz/ωρ) = 0.5 and (b) ν = (ωz/ωρ) = 2.
After obtaining the value of the solution Z, one can specify the condensed fraction f0
and the uncondensed fraction fT by
f0 =
N0
N
and fT =
NT
N
= 1− f0. (9)
Figures 3(a), 3(b), and 3(c) show the condensed fraction f0 as a function of T/~ωρ and N for
the ratios ν =0.5, 1, and 2, respectively. The values of f0 are unity at T = 0, corresponding
to a completely coherent boson system at T = 0. The fraction decreases slowly as the
temperature increases, and the rate of decrease is small at low temperatures. For a fixed
ν, the greater the number of bosons N , the larger is the range of temperatures in which
the boson system contains a substantial fraction of condensation. However, for a fixed N
and T , the condensed fraction increases with ν. One can see that for the systems with 2000
identical bosons, substantial fractions of condensation occur up to T/~ω ∼9, 11, and 14 for
ν =0.5, 1, and 2, respectively.
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FIG. 3: (Color online) The condensed fraction f0 as a function of T/~ωρ, N , and ν.
B. One-body and two-body density matrices
In order to evaluate the system spatial and momentum distributions and two-particle
momentum correlation functions, we need write down the one-body and two-body density
matrices in configuration and momentum spaces. The one-body density matrix in configura-
tion space for the boson gas with fixed bosons number N and in three-dimension harmonic
oscillator potential is
G(1)ωxωyωz(r 1, r 2) =
∑
nx,ny,nz
Z e−βnx~ωxe−βny~ωye−βnz~ωz
1− Z e−βnx~ωxe−βny~ωye−βnz~ωz
Unx(x1, ωx)
×Uny(y1, ωy)Unz(z1, ωz)U
∗
nx(x2, ωx)U
∗
ny(y2, ωy)U
∗
nz(z2, ωz)
=
∑
nx,ny,nz
∞∑
k=1
Zke−βknx~ωxe−βkny~ωye−βknz~ωzUnx(x1, ωx)
8
×Uny(y1, ωy)Unz ,(z1, ωz)U
∗
nx(x2, ωx)U
∗
ny(y2, ωy)U
∗
nz(z2, ωz), (10)
where
Unx(x, ωx) =
(
1
2nx nx!
)1/2(
mωx
π~
)1/4
exp
(
−
mωxx
2
2~
)
Hnx
(√
mωx
~
x
)
. (11)
Using the property of Hermitian function,
exp [−(ξ2 + η2)]
∞∑
n=0
(
ζn
2n n!
)
Hn(ξ)Hn(η) =
1√
1− ζ2
exp
(
−
ξ2 + η2 − 2ξζη
1− ζ2
)
, (12)
and setting ωx = ωy = ωρ in Eq. (10), we have
G(1)ωρωz(r 1, r 2) =
∞∑
k=1
ZkG˜0(r 1, r 2; βk~ωρ, βk~ωz), (13)
where
G˜0(r 1, r 2; τρ, τz)
=
1
πa2ρ(1− e
−2τρ)
exp
[
−
1
a2ρ
(ρ21 + ρ
2
2)(cosh τρ − 1) + (ρ1 − ρ2)
2
2 sinh τρ
]
×
[
1
πa2z(1− e
−2τz)
] 1
2
exp
[
−
1
a2z
(z21 + z
2
2)(cosh τz − 1) + (z1 − z2)
2
2 sinh τz
]
, (14)
where τρ = βk~ωρ and τz = βk~ωz.
Using the wave function of ground state,
U0(r) =
(
1
πa2ρ
)1
2
(
1
πa2z
)1
4
exp
(
−
ρ
2
2a2ρ
−
z2
2a2z
)
, (15)
we may further write G˜0(r 1, r 2; τρ, τz) as
G˜0(r 1, r 2; τρ, τz) = U
∗
0 (r 1)U0(r 2) g˜0(r 1, r 2; τρ, τz), (16)
where
g˜0(r 1, r2; τρ, τz)
=
1
(1− e−2τρ)
exp
[
−
1
a2ρ
(ρ21 + ρ
2
2)(cosh τρ − 1− sinh τρ) + (ρ1 − ρ2)
2
2 sinh τρ
]
9
×
1
(1− e−2τz)1/2
exp
[
−
1
a2z
(z21 + z
2
2)(cosh τz − 1− sinh τz) + (z1 − z2)
2
2 sinh τz
]
. (17)
Then, we have
G(1)ωρωz(r 1, r 2) = U
∗
0 (r 1)U0(r 2)Aωρωz(r 1, r 2), (18)
where
Aωρωz(r 1, r 2) =
∞∑
k=1
Zk g˜0(r 1, r 2; βk~ωρ, βk~ωz). (19)
The one-body density matrix in momentum space can be readily obtained from the
equations of G
(1)
ωρωz(r 1, r 2) by using the symmetry between r/a and pa/~ in a harmonic
oscillator potential, and we get
G(1)ωρωz(p1,p2) = U
∗
0 (p1)U0(p2)Aωρωz(p1,p2), (20)
where
U0(p) =
(
a2ρ
π~2
)1
2
(
a2z
π~2
)1
4
exp
(
−
a2ρ
~2
p
2
ρ
2
−
a2z
~2
p2z
2
)
(21)
is the ground state wave function in momentum space, and
Aωρωz(p1,p2) =
∞∑
k=1
Zk g˜0(p1,p2; βk~ωρ, βk~ωz), (22)
where
g˜0(p1,p2; τρ, τz)
=
1
(1− e−2τρ)
exp
[
−
a2ρ
~2
(p21ρ + p
2
2ρ)(cosh τρ − 1− sinh τρ) + (p1ρ − p2ρ)
2
2 sinh τρ
]
×
1
(1− e−2τz)1/2
exp
[
−
a2z
~2
(p21z + p
2
2z)(cosh τz − 1− sinh τz) + (p1z − p2z)
2
2 sinh τz
]
. (23)
In the limit of a large number of particles, N20 ≫ N0, and the two-body density matrix
in momentum space can be written as [8–10]
G(2)ωρωz(p1,p2;p1,p2) = G
(1)
ωρωz(p1,p1)G
(1)
ωρωz(p2,p2) + |G
(1)
ωρωz(p1,p2)|
2
− N20 |U0(p1)|
2|U0(p2)|
2. (24)
From Eqs. (5) and (20), we have
G(2)ωρωz(p1,p2;p1,p2) = |U0(p1)|
2|U0(p2)|
2
[
Aωρωz(p1,p1)Aωρωz(p2,p2)
10
+|Aωρωz(p1,p2)|
2 − [Z/(1− Z)]2
]
. (25)
In numerical calculations, it is useful to rewrite Eq. (22) as
Aωρωz(p1,p2) =
Z
1− Z
+
∞∑
k=1
Zk
[
g˜0(p1,p2; βk~ωρ, βk~ωz)− 1
]
, (26)
for a rapid convergence of the summation [8]. For low temperatures, [g˜0(p1,p2; τρ, τz) − 1]
is small and a small number of terms in k will suffice. For high temperatures above critical
temperature, Z ≪ 1, and a small number of terms in k will also suffice because Zk decreases
rapidly as k increases.
III. SPATIAL AND MOMENTUM DENSITY DISTRIBUTIONS
Before we investigate the two-particle correlation functions and the chaotic parameter
in HBT interferometry, it is useful to examine the system spatial and momentum density
distributions, ρ(r) and ρ(p). From the equations of the one-body density matrices in con-
figuration and momentum spaces, (15), (18), (20), and (21), we get
ρ(r ) = G(1)ωρωz(r , r) =
(
1
πa2ρ
)(
1
πa2z
)1
2
exp
(
−
ρ
2
a2ρ
−
z2
a2z
)
Aωρωz(r , r), (27)
ρ(p) = G(1)ωρωz(p ,p) =
(
a2ρ
π~2
)(
a2z
π~2
)1
2
exp
(
−
p
2
ρa
2
ρ
~2
−
p2za
2
z
~2
)
Aωρωz(p,p), (28)
where
Aωρωz(r , r) =
Z
1− Z
+
∞∑
k=1
Zk
[
g˜0(r , r ; βk~ωρ, βk~ωz)− 1
]
, (29)
Aωρωz(p ,p) =
Z
1− Z
+
∞∑
k=1
Zk
[
g˜0(p,p ; βk~ωρ, βk~ωz)− 1
]
, (30)
where
g˜0(r , r ; τρ, τz) =
1
(1− e−2τρ)
1
(1− e−2τz)1/2
× exp
[
−
1
a2ρ
ρ
2(cosh τρ − 1− sinh τρ)
sinh τρ
−
1
a2z
z2(cosh τz − 1− sinh τz)
sinh τz
]
, (31)
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FIG. 4: (Color online) The spatial density distributions (a)— (c) and the root-mean-square (d)—
(f) in unit of aρ for the systems with N = 2000, ν =0.5, 1, and 2.
g˜0(p ,p; τρ, τz) =
1
(1− e−2τρ)
1
(1− e−2τz)1/2
× exp
[
−
a2ρ
~2
p
2
ρ(cosh τρ − 1− sinh τρ)
sinh τρ
−
a2z
~2
p2z(cosh τz − 1− sinh τz)
sinh τz
]
. (32)
We plot in Figs. 4(a)— 4(c) the spatial density distributions as a function of the di-
mensionless variable r/aρ for the systems with N = 2000, ν =0.5, 1, and 2. At the low
temperature T/~ωρ = 3, the system distributes in a small spatial region corresponding to
a substantial fraction of condensation. One can see that the densities at smaller r/aρ re-
duce obviously when temperature increases higher than the critical temperatures, which are
about 9.40, 11.85, and 14.93 ~ωρ for ν =0.5, 1, and 2, respectively. In Figs. 4(d)— 4(f),
we plot the root-mean-square (RMS) of the distributions in unit of aρ for the systems with
N =2000, 1000, and 500. It can be seen that the RMS increases with temperature. For a
fixed temperature the RMS decreases with the increasing of the particle number N and the
ratio ν, respectively. It is because that the condensed fraction increases with N and ν for a
fixed temperature (see Fig. 3). The RMS has a rapid increase in the transition region. In
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FIG. 5: (Color online) The momentum density distributions (a)— (c) and the root-mean-square
of momentum distributions (d)— (f) in unit of ~/aρ for the systems as the same in Fig. 4.
Fig. 5 we show the momentum density distributions as a function of the dimensionless vari-
able p aρ/~ and the RMS of the momentum distributions in unit of ~/aρ for the systems as
the same in Fig. 4. One observes that the widths of the momentum distributions for the low
temperature T/~ωρ = 3 are small. The momentum densities at smaller p aρ/~ reduce obvi-
ously when temperature increases higher than the critical temperature Tc. The RMS for the
momentum distributions increase with temperature and decrease with the number of parti-
cles N as the spatial densities behaving. However, the momentum RMS displays different
behaviours as a function of ν at different temperatures. At T ∼ 0 (complete condensation),
the RMS increases with ν unlike that of the RMS for the spatial density distributions. It
is because that the whole phase volume is fixed for a given N at zero temperature, and the
system with smaller ν has larger spatial volume (larger az). But at the middle temperature
T ∼ 8~ωρ, the RMS decreases with ν because the condensed fraction increases with ν.
In Fig. 6, we plot the results of RMS of the spatial and momentum density distributions
as a function of the condensed fraction f0 for different N and ν values. Both the RMS
results of space and momentum decrease with f0 and increase with N . For fixed f0 and N ,
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FIG. 6: (Color online) The root-mean-squares of the distributions of spatial densities (a)— (c) and
momentum densities (d)— (f) as a function of f0 for the systems with different N and ν.
the space RMS decreases with the ratio ν, and the momentum RMS increases with ν. It
is because that a smaller ν corresponds to a larger az, and thus a larger spatial volume for
fixed aρ. A wider spatial distribution leads to a narrower momentum distribution for the
system with fixed f0 and N (fixed T and N).
IV. CHAOTIC PARAMETER λ IN HBT INTERFEROMETRY
A. Evaluation of two-particle correlation functions
The two-particle correlation function in momentum space is defined as
C(p1,p2) =
G(2)(p1,p2;p1,p2)
G(1)(p1,p1)G
(1)(p2,p2)
. (33)
From Eqs. (20), and (25), the two-particle correlation function can be written as
C(p1,p2) = 1 +
|Aωρωz(p1,p2)|
2 − [Z/(1−Z)] 2
Aωρωz(p1,p1)Aωρωz(p2,p2)
. (34)
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C(p, qρ = 0, qz) for the systems with N = 2000. The average moment of the particle pair p = 2~/aρ.
With the solution z obtained for given T/~ωρ, N , and ν as discussed in Sec. II and shown
in Figs. 1 and 2, we can use Eq. (26) to calculate Aωρωz(p i,pj) (i, j = 1, 2) and obtain
the correlation function C(p1,p2) from Eq. (34). At a very low temperature, the system is
completely condensed. In this case, Aωρωz(p1,p2) = Z/(1 − Z) and C(p1,p2) = 1. On the
other hand, at a very high temperature, the system is completely uncondensed, we have
C(p1,p2) = 1 +
|Aωρωz(p1,p2)|
2
Aωρωz(p1,p1)Aωρωz(p2,p2)
. (35)
In HBT analyses, it is convenient to introduce the average and relative momenta of the
particle pair, p = (p1 + p2)/2 and q = p1− p2, as variables. Then, the correlation function
C(p , q) can be obtained from C(p1,p2) by summing over p1 and p2 for given p and q .
In Figs. 7(a)— 7(c), we plot the transverse HBT correlation functions C(p, qρ, qz = 0)
for the fixed particle number of system and the average momentum of the particle pair,
N = 2000 and p = 2~/aρ. The width of the correlation function decreases with temperature
because the spatial distribution of the system increases with temperature (see Fig. 4).
When temperature increases, the condensed fraction f0 decreases, and the intercepts of the
correlation functions at q = 0 increase. For a fixed temperature, the intercept decreases with
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FIG. 8: (Color online) The two-particle HBT correlation functions C(p, q) for the systems with
N = 2000.
ν increasing because the condensed fraction increases with ν (see Fig. 3). In Figs. 7(d)—
7(f), we plot the longitudinal HBT correlation functions C(p, qz, qρ = 0) for the systems as
the same in Figs. 7(a)— 7(c), respectively. It can be seen that the widths of the correlation
functions decrease with temperature. Because the longitudinal size of the system, which
is related to az, is larger for a smaller ν when aρ is fixed, the widths of the longitudinal
correlation functions for the smaller ν are smaller than those for the larger ν, respectively.
For ν = 1, the widths of the transverse and longitudinal correlation functions for the same
temperature are equaled. For ν > 1 or ν < 1, the widths of the longitudinal correlation
functions are smaller or larger than the corresponding widths of the transverse correlation
functions. The intercepts of the transverse and longitudinal correlation functions at q = 0
are equaled for the same temperature and ν values because the condensed fraction f0 is fixed
for given N , T , and ν.
In Fig. 8, we plot the two-particle HBT correlation functions, C(p, q), for the systems
with N = 2000, and the average momenta of the particle pair p = 2 and 3~/aρ. At the
lower temperatures, the widths of the correlation functions for p = 2~/aρ are larger than
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FIG. 9: (Color online) The two-particle HBT correlation functions C(p, q) for the systems with
N = 500.
the corresponding results for p = 3~/aρ. And, the intercepts of the correlation functions at
q = 0 for the lower average momentum of the particle pair are smaller than those for the
higher average momentum. The reason for these is that the particles with larger momenta
are averagely at the uncondensed high-energy states and thus corresponding to a larger spa-
tial distribution and higher chaotic degree at a fixed temperature. The systems with the
temperatures much higher than Tc are completely uncondensed. For the completely uncon-
densed systems, the widths of the correlation functions for the lower and higher momenta
are almost the same, and the intercepts equal to unity. The increase of λ with momentum
is also predicted in the pion laser model [6, 7], and the similar behavior may also arise due
to the effect of η′ decay [12, 13]. In Fig. 9, we plot the HBT correlation functions, C(p, q),
for the systems with the particle number N = 500, and the average momenta of particle
pair p = 2 and 3~/aρ. Because the condensed fraction decreases with N decreasing, the
intercepts of the correlation functions at q = 0 for the lower temperatures are higher than
the corresponding results of the intercepts for N = 2000 as shown in Fig. 8.
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B. The effect of Bose-Einstein condensation on the chaotic parameter λ
In HBT analyses the chaotic parameter λ is introduced phenomenologically to represent
the intercept of the HBT correlation function at zero relative momentum of the particle pair,
λ (p) = [C(p, q = 0 )− 1 ]. (36)
From Eqs. (24) and (33), the chaotic parameter can be expressed by the momentum density
ρ(p) = G(1)(p ,p) as
λ (p) = 1−N20
[
|U0(p)|
2/ρ(p)
]2
. (37)
In Fig. 10 we plot the chaotic parameter λ as a function of momentum for different
temperatures, N , and ν. It can be seen that the values of λ increase with the momentum
and temperature. For fixed temperature, the values of λ for the same momentum decrease
with ν and N . It is because that the system condensed fraction f0 increases with ν and N
for fixed T . Figure 11 (a), (b), and (c) show λ as a function of the condensed fraction f0 for
ν = 0.5, 1, and 2, respectively. One can see that λ decreases with f0. Because the particles
with larger momenta are averagely at the uncondensed high-energy states, the λ values for
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the larger momenta are larger. They decrease with f0 slowly at smaller f0, and drop down
to zero only when f0 → 1.
C. λ values in high energy heavy ion collisions
At the final stage of high energy heavy ion collisions, pions will be scattered out and the
source will be in freeze-out state. The number of identical pions is about several hundreds or
thousands at RHIC or LHC energy, and the range of the freeze-out temperature Tf is about
80 — 165 MeV. Because the temperature is of the order of the pion rest mass, a relativistic
treatment of the pion motion is needed. The eigenvalue equation for the relativistic pion
with only a scalar interaction as in Eq. (1) is [8][
p
2
2m
+ V (r)
]
U(r) =
E2 −m2
2m
U(r ) ≡ ǫU(r ). (38)
The eigenenergy of the relativistic pion is
En =
√
m2 + 2mǫn, n = 0, 1, 2, · · · , (39)
where ǫn is given by Eq. (2) and the corresponding eigenfunction is
Un(r) = Unx(x, ωx)Uny(y, ωy)Unz(z, ωz), (40)
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FIG. 12: (Color online) The condensed fraction f0 and the RMS of transverse coordinate
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as a function of temperature for the systems with N = 2000, aρ = 2.5 and 3.0 fm.
where the one-dimension wave function Unx(x, ωx) is given by Eq. (11) and ωx = ωy = ωρ.
We introduce E˜n to measure the relative energy levels to the ground-state energy,
E˜n = En −
√
m2 + 2m~ (ωρ +
1
2
ωz). (41)
The number of identical bosons of the system in relativistic case is then
N = N0 +NT =
Z
1− Z
+
∞∑
n>0
gnZ e
−βE˜n
1− Z e−βE˜n
, (42)
and the densities of space and momentum are
ρ(r) = G(1)(r , r) =
∞∑
n=0
gnZ e
−βE˜n
1−Z e−βE˜n
|Un(r)|
2, (43)
ρ(p) = G(1)(p ,p) =
∞∑
n=0
gnZ e
−βE˜n
1− Z e−βE˜n
|Un(p)|
2, (44)
where Un(p) is the eigenfunctions in momentum space.
In the calculations for relativistic pion, m = 140 MeV is fixed, and we need input aρ (or
ωρ) and az (or ν). From Eq. (42) we can obtain the fugacity parameter Z for fixed N and
T numerically. Then, we can obtain ρ(r ) and ρ(p) from Eqs. (43) and (44).
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In Fig. 12 we plot the condensed fraction f0 and the RMS of transverse coordinate
√
〈ρ2〉
in the temperature range 80 — 165 MeV and for the systems with N = 2000, aρ = 2.5 and
3.0 fm. It can be seen that f0 decreases from about 1 to zero in this temperature range.
Correspondingly,
√
〈ρ2〉 values increase with temperature and have obvious enhancements
in the transition region from the condensed phase to uncondensed phase. We observe that
the effect of condensation is sensitive to the parameter aρ. For the smaller aρ, the values of
f0 are larger and the values of
√
〈ρ2〉 are smaller as compared to the results for the larger
aρ. For fixed aρ and T , f0 increases and
√
〈ρ2〉 decreases with ν. In Fig. 13 we plot the λ
values in the temperature range 80 — 165 MeV for the systems with N = 2000, aρ = 2.5
and 3.0 fm. Here the momenta pn = 50n MeV/c (n = 1, 2, 3, 4). For the smaller momenta,
the values of λ have rapid increases in the transition region from the condensed phase to
uncondensed phase. However, the values of λ for the larger momenta are higher even at the
lower temperatures. It is because that most of the particles with large momenta are from
the uncondensed high-energy states. The values of λ increase with ν and decrease with aρ
because of f0 decreases with ν and increases with aρ.
In Figs. 14 and 15 we plot the quantities f0,
√
〈ρ2〉, and λ for the systems with N =500
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FIG. 14: (Color online) The condensed fraction f0 and the RMS of transverse coordinate
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as a function of temperature for the systems with N = 500, aρ = 2.5 and 3.0 fm.
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FIG. 15: (Color online) The values of λ as a function of momentum and temperature for the
systems with N = 500, aρ = 2.5 and 3.0 fm. pn = 50n MeV/c (n = 1, 2, 3, 4).
22
80 160 240
pT (MeV/c)
0
0.2
0.4
0.6
0.8
1
λ
0
0.2
0.4
0.6
0.8
1
λ
0
0.2
0.4
0.6
0.8
1
1.2
λ
80 160 240
pT (MeV/c)
T1
T2
T3
T4
T5
(b) ν=1.0
(a) ν=0.5
(c) ν=2.0
(d) ν=0.5
(e) ν=1.0
(f) ν=2.0
N=2000 N=500
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in the temperature range 80 — 165 MeV. Because the critical temperature for N =500 is
much smaller than that for N =2000, the values of f0 are smaller and about zero at most
of the temperatures. Correspondingly, the RMS values have obvious increases in only lower
temperature regions and increase slowly at most of the temperatures. As compared to the
results for the systems with N =2000, the values of λ for N =500 are larger. For aρ =3.0
and ν =0.5, the values of λ are unity in almost the whole temperature range because the
system is completely in the uncondensed phase at almost the whole temperatures.
In Fig. 16 we further plot λ as a function of pion transverse momentum pT for the
systems with aρ = 2.5 fm, N = 2000 and 500, and ν = 0.5, 1.0, and 2.0, respectively. Here
the temperature Tn = 80 + 20(n− 1) MeV (n = 1, 2, 3, 4, 5). It can be seen that the values
of λ increase with pT and temperature. For fixed pT and T , the values of λ decrease with
increasing particle number N and frequency ratio ν.
In the heavy ion collisions at RHIC, the identical pion multiplicity is about several hun-
dreds. The calculations indicate that in this case the effect of Bose-Einstein condensation
on the chaotic parameter λ in two-pion HBT interferometry may be negligible. However,
the identical pion multiplicity in the heavy ion collisions at LHC energy may reach to sev-
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eral thousands. In this case the effect of Bose-Einstein condensation on the two-pion HBT
measurements of λ may be considerable and should be taken into account. From Fig. 12
we observe that the average values of
√
〈ρ2〉 in the transition region are about 6.5 fm for
aρ = 2.5 fm and 8.5 fm for aρ = 3.0 fm. The recent two-pion interferometry measurements
at LHC indicate that the values of the transverse HBT radius Rside are in the range of 4
— 7 fm [14]. Considering the transverse expansion of the actual particle-emitting source
may decrease the transverse HBT radii from the RMS of the source transverse coordinate
distribution [3, 15–17], these average results of
√
〈ρ2〉 are in a reasonable range. Further
investigating the effect of Bose-Einstein condensation on the HBT measurements of source
radii and chaotic degree in high energy heavy ion collisions, based on a more realistic model
of evolving source, will be of great interest.
In our calculations the particle number of system, N , is fixed. In this case, the λ value
for an event ensemble with the multiplicity distribution, PN , is
λ′ =
∑
N PNλN∑
N PN
, (45)
where λN is the λ value for the system with the fixed N , as calculated in Sec. IV,
λN =
G
(2)
N (p ,p;p ,p)
G
(1)
N (p,p)G
(1)
N (p ,p)
− 1. (46)
Another calculation of the ensemble λ value is
λ′′ =
∑
N PN G
(2)
N (p ,p;p,p)∑
N PN G
(1)
N (p ,p)G
(1)
N (p ,p)
− 1. (47)
Because multiplicity is a observable in high energy heavy ion collisions, and the event num-
ber for a certain multiplicity is large and in principle unstinted (by prolonging experimental
time), the measurement of the “differential” chaotic parameter λN is viable and useful in
probing the particle source coherence. On the other hand, the appearance of the condensa-
tion may modify identical pion multiplicity distribution in high energy heavy ion collisions
[6, 7], and thus affect the “integrated” chaotic parameter values λ′ and λ′′. Investigating the
influences of Bose-Einstein condensation on λ′ and λ′′ will be of interest.
V. SUMMARY AND DISCUSSION
We examine the spatial and momentum distributions, two-particle HBT correlation func-
tions, and the chaotic parameter λ in HBT interferometry for the systems of boson gas within
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the harmonic oscillator potentials with anisotropic frequencies in transverse and longitudinal
directions. The effects of system temperature, particle number, and the average momentum
of the particle pair on the chaotic parameter are investigated. Because of Bose-Einstein con-
densation of boson gas the system is highly condensed at low temperature. This leads to the
narrower spatial and momentum distributions of the system, larger width of the HBT cor-
relation functions, and smaller λ values. When temperature increasing the system becomes
uncondensed gradually. The values of λ increase with temperature and rapidly reach to
unity when temperature is closed to and higher than the critical value Tc. For fixed particle
number and temperature of system, the λ values increase with the average momentum of
the particle pair because the particles with large momenta are averagely at the uncondensed
high-energy states. The results of λ are sensitive to the ratio, ν = ωz/ωρ, of the frequencies
in longitudinal and transverse directions. They are smaller for larger ν when ωρ is fixed.
Because the critical temperature of the system increases with the particle number of system,
N , the effect of Bose-Einstein condensation on the interferometry measurements of λ will
be significant for a large N system. In the heavy ion collisions at LHC energy the identical
pion multiplicity may reach to several thousands. In this case the system may possible reach
to a considerable condensation. The effect of the condensation on the chaotic parameter in
two-pion interferometry is worth considering in earnest. Because we did not consider the
particle charge in the model, the results are only suitable for neutral particles, for example
π0. The investigation of the possible change of the results for neutral and charged particles
will be of interest.
In experimental HBT analyses, the correlation function is obtained by the ratio of the
correlated two particle momentum distribution Cor(q ,p) to the uncorrelated two particle
momentum distribution (background) Uncor(q ,p) [18, 19]. Here Cor(q ,p) is constructed
by the identical particle pairs in which the two particles are from the same event. And
Uncor(q ,p) is constructed by the two identical particles from the different events with
the same global conditions (cuts), such as within a certain region of particle multiplicity
(centrality), rapidity, or pseudorapidity, and so on. For the different events, the degree of
Bose-Einstein condensation may be different although they have the same global conditions.
The difference of the condensation degree for the events may affect the correlated and uncor-
related momentum distributions, and then affect the measurement of the chaotic parameter,
corresponding to Eq. (47). However, this influence may become smaller and smaller in prin-
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ciple by imposing stricter and stricter global condition cuts, and it will be an interesting
research issue. On the other hand, the model we used in the calculations is only a static
system. To make the problem tractable we used the mean-field of harmonic oscillator poten-
tial. In fact, the particle-emitting sources produced in high energy heavy ion collisions are
expanded and the interactions between the particles in the source are complicated. Further
investigating the effect of Bose-Einstein condensation on the HBT measurements of source
radii and chaotic degree in high energy heavy ion collisions, based on a more realistic model
of evolving source, will be of great interest.
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